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Abstract:
We propose a map for extracting the holographic meaning of the metric for a class of warped
AdS3 black strings in type IIB supergravity. Our choice of holographic data is based upon
a general prescription due to Papadimitriou. With this choice, we find a holographic stress
tensor that is both symmetric and conserved, at least when restricted to a particular sector
of the theory. Using the holographic stress tensor, we compute the energy and momentum
per unit length of the black strings, as well as the conformal anomaly, and we show that
the results agree with those previously obtained via covariant methods.
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1. Introduction
Holography is believed to be a fundamental property of quantum gravity [1]; nevertheless,
the holographic dictionary has only been understood in detail for the case of the AdS/CFT
correspondence [2–7] and a few other, qualitatively similar, cases. Examples include Lifshitz
spacetimes [8–12], non-conformal branes [13,14], non-AdS/QCD [15–18], etc.
It is interesting to inquire whether there exist any tractable examples where the holo-
graphic dictionary is not just a straightforward extension of the AdS/CFT one. It appears
that Schro¨dinger spacetimes [19], which geometrically realize the non-relativistic confor-
mal group, provide such an example. Aside from their theoretical appeal, Schro¨dinger
spacetimes also have many potentially interesting applications, for example as gravity du-
als to strongly-coupled non-relativistic conformal field theories [19, 20] and, in the three-
dimensional case1, as toy models for the Kerr/CFT correspondence [21,22].
The main challenge in understanding holography for Schro¨dinger spacetimes is how to
correctly identify the holographic sources to which boundary operators - and in particular
the dual stress tensor - couple. In a beautiful paper [23], Papadimitriou gave a general
prescription for choosing the holographic data in an arbitrary spacetime, at least at the
classical level. In [24] this prescription was applied to study pure gauge modes in three-
dimensional Schro¨dinger spacetimes and relate them to sources and expectation values for
the putative holographic stress tensor. Although the dual theory is believed to be non-
local and non-relativistic [25–28], the holographic stress tensor uncovered in [24] is both
symmetric and conserved, signaling the presence of an emergent relativistic symmetry.
1Three-dimensional Schro¨dinger spacetimes are also known as null warped AdS3. Their finite-
temperature version, which is the subject of this paper, is called (spacelike) warped AdS3.
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Hints of a relativistic conformal symmetry [29,30] have long been present in the study
of warped AdS3 black hole/string backgrounds, which in the context of string theory cor-
respond to finite-temperature states in three-dimensional Schro¨dinger spacetimes. Asymp-
totic symmetry group analyses of these spacetimes reveal properties akin to those of two-
dimensional relativistic conformal field theories, such as the presence of two (mutually ex-
clusive) Virasoro algebras and the applicability of Cardy’s formula for the entropy [31,32].
In this note, we propose an extension of the dictionary in [24] to a family of warped
AdS3 black string solutions in string theory found in [32]. As in the pure Schro¨dinger case,
the holographic stress tensor we find is both symmetric and conserved, in accordance with
the results of the asymptotic symmetry group analyses. We also show that the expectation
value of the holographic stress tensor and the conformal anomaly in the warped black string
backgrounds agree with the energy and momentum of the strings, as well as the conformal
anomaly computed via other means in [31,32]. This match brings further support in favour
of the holographic dictionary we are proposing.
Our dictionary, which is based on Papadimitriou’s prescription, is not the only dictio-
nary that has been put forth for understanding the holographic stress tensor in Schro¨dinger
spacetimes. Other attempts include [11,33], of which [33] has carried out an extremely care-
ful and detailed analysis. These prescriptions are different from ours in that they choose
different holographic sources, which results in different operator expectation values and
different holographic Ward identities. While the tests that our proposal passes are cer-
tainly encouraging, they only involve matching a gravity calculation to another gravity
calculation. Ultimately, one should use input from the dual field theory in order to decide
on the correct holographic data and the Ward identities they satisfy2.
This paper is organised as follows. In section 2, we review the holographic proposal
of [24] for three-dimensional Schro¨dinger spacetimes, as well as the simplest warped black
string solution of [32]. In section 3, we discuss the modifications of this proposal that are
necessary for applying it to the warped black string backgrounds. In section 4, we construct
a truncated holographic dictionary and compute the expectation value of the stress tensor
for all the black string backgrounds of [32]. We conclude with a discussion in section 5.
2. Setup and review
We start from AdS3 in Poincare´ coordinates, with metric
ds2
ℓ2
=
dw+dw− + dz2
z2
(2.1)
This spacetime has SL(2,R)L × SL(2,R)R isometry. The SL(2,R)R generators are given
by (minus) Hi, where
2In certain cases, the dual field theory to Schro¨dinger spacetimes is known: it is a so-called null dipole
theory [34–36] or an RG flow thereof. Dipole theories are similar to non-commutative ones, so it may be
possible to find - perhaps using the methods of [37, 38] - the gauge-invariant operator that couples to the
spacetime metric.
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H−1 = ∂+ , H0 = w
+∂+ +
1
2
z∂z , H1 = (w
+)2∂+ + w
+z∂z − z2∂− (2.2)
and the same expressions, with w+ ↔ w−, yield the SL(2,R)L ones. Lowering the index
on the above Killing vectors, we find the left-invariant one-forms
σ−1 =
dw−
z2
, σ0 =
w+dw−
z2
+
dz
z
, σ1 = (w
+)2
dw−
z2
+ 2w+
dz
z
− dw+ (2.3)
These one-forms are all invariant under SL(2,R)L×U(1)R, where for each of the forms σi,
the U(1)R is generated by the Killing vector Hi and is non-compact.
⋄ Three-dimensional Schro¨dinger spacetimes
A three-dimensional Schro¨dinger spacetime is obtained by deforming AdS3 by the one-form
σ−1 dual to the null Killing vector field H−1 = ∂+
ds2
ℓ2
=
dw+dw− + dz2
z2
− λ
2(dw−)2
z4
(2.4)
By construction, the above spacetime has SL(2,R)L × U(1)R isometry, where the U(1)R
corresponds to translations along w+. Schro¨dinger spacetimes are not solutions of Einstein
gravity alone, one needs to add matter to support them. In many cases, the matter can be
modeled by a (topologically) massive vector field
A = λ′ℓ σ−1 =
λ′ℓ dw−
z2
(2.5)
The relationship between λ and λ′ is fixed by the equations of motion. Any scalars that
may be present in the action must be constant in a Schro¨dinger background, due to the
SL(2,R)L symmetry.
⋄ Field theory duals
In general, the field theory duals to three-dimensional Schro¨dinger spacetimes are not
known. Nevertheless, in [39] it was argued that, at least at large N and strong coupling,
they can be effectively described as a finite deformation of a two-dimensional CFT by a
(1, 2) primary operator. This operator, although irrelevant from the point of view of the
usual conformal group, is however exactly marginal with respect to the SL(2,R)L conformal
symmetry
S = SCFT + λ
∫
d2wO(1,2) (2.6)
The above equation provides a formal definition of the field theory duals to three-dimensional
Schro¨dinger spacetimes, in the given region of parameter space. In the following, we will
denote the theories defined via (2.6) as dipole CFTs3.
3This terminology was used in [31] to denote the two-dimensional field theory dual to a particular
three-dimensional Schro¨dinger spacetime in string theory, which is described by the low-energy limit of the
dipole-deformed [34] D1-D5 gauge theory. Since we expect that all field theories dual to three-dimensional
Schro¨dinger spacetimes share a certain number of universal characteristics, herein we will denote all of
them as dipole CFTs.
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⋄ Linearized holographic data
The first step in understanding any holographic dictionary [7] is to find the most gen-
eral solution to the asymptotic equations of motion and isolate its normalizable and
non-normalizable components. At linearized level, all perturbations of three-dimensional
Schro¨dinger spacetimes have been classified [24, 39]. They consist of pure gauge modes
(that can be induced by a diffeomorphism), which we will call T-modes, and “true” propa-
gating degrees of freedom, which we call X-modes. Both types of modes are present in the
linearized solution for the metric and the massive vector
δgij = δg
T
ij + δg
X
ij , δAµ = δA
T
µ + δA
X
µ (2.7)
Unfortunately, there is no obvious choice of holographic sources among the various func-
tions of w± that parametrize the above solutions, leading to the different proposals in the
literature. In the following, we review a general prescription due to Papadimitriou [23] that
can determine the holographic sources in an arbitrary spacetime with a timelike boundary.
⋄ Papadimitriou’s prescription
The proposal of [23] is based on the observation that holographic renormalization can be
viewed as a canonical transformation that renders the variational principle at the asymp-
totic space-time boundary well-defined. The role of time is played by the radial coordinate
z. This canonical transformation diagonalizes the map between the cotangent bundle of
the phase space, parametrized by (dqI , dpI), and that of the space of asymptotic solutions,
parametrized by (dαI , dβI). Thus, holographic renormalization typically corresponds to(
qI
pI
)
canonical
−−−−−−−−−−−→
transformation
(
q˜I
p˜I
)
∼
(
z−2ν 0
0 z2ν
)(
αI
βI
)
(2.8)
for some ν > 0. Since this transformation is canonical, the symplectic form is unchanged
Ω = dqI ∧ dpI = dq˜I ∧ dp˜I = dαI ∧ dβI (2.9)
In this framework, finding the holographic sources and expectation values is straightfor-
ward: one simply needs to evaluate the symplectic form on a general solution to the
asymptotic equations of motion and then diagonalize it. The resulting diagonal entries are
the holographic sources and expectation values.
It is not hard to show [24] that the symplectic form for linearized modes in three-
dimensional Schro¨dinger spacetimes takes the diagonal form
Ω ∼
∫
T ∧ T +X ∧X (2.10)
and moreover the source for the T-modes is a two-dimensional symmetric tensor δg
(0)
ij .
Applying the prescription above, we conclude that the X and the T modes couple to
different operators in the dual field theory, and in particular the T modes source the dual
stress tensor.
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⋄ A Fefferman-Graham-like expansion
If one is interested solely in the holographic stress tensor, it is possible to consistently set
the X-modes to zero. In this case, it was shown in [24] that the general non-linear solution
for the T-modes is given by
gTµν = gˆµν −ATµATν (2.11)
where gˆµν is the metric of an auxiliary AdS3 spacetime of radius ℓ and takes the general
Fefferman-Graham form. The vector field ATµ solves
Fµν =
2
ℓ
ǫˆµνρA
ρ , AµAˆ
µ = 0 (2.12)
The symplectic form evaluated on this solution is identical4 to that of the auxiliary AdS3
spacetime. By Papadimitriou’s prescription, we choose the holographic sources to be those
of the auxiliary AdS3. This choice leads to a holographic stress tensor that is symmetric,
conserved and yields the same conformal anomaly as the AdS3 one, at least when evaluated
on the T-modes only.
⋄ The warped black strings
The outcome of the analysis of [24] is rather intriguing and it would be useful to test its
predictions in cases where an independent computation is possible. Black holes/strings
provide a good testing ground, as one can use covariant methods [41] to compute various
non-trivial conserved charges and anomalies, which can then be compared with predictions
from the holographic stress tensor.
The simplest theories of gravity coupled to massive vector fields do not seem to contain
generic enough (non-extremal) black hole solutions. Nevertheless, such solutions do abound
in string theory. In [32], a four-parameter family of stringy warped analogues of the non-
extremal BTZ black string (carrying both mass and momentum) has been constructed.
The simplest warped black string in this family can be viewed as a solution of the following
three-dimensional action
S =
1
16πG3
∫
d3x
√
g
(
R− 4(∂U)2 − 4
ℓ2
e−4U A2 +
2
ℓ2
e−4U (2− e−4U )− 1
ℓ
ǫijkAiFjk
)
(2.13)
which descends from a consistent truncation of type IIB supergravity [32]. The warped
black string solution is
ds23
ℓ2
= T 2+dx
2
+ +
[
T 2−(1 + λ˜
2T 2+)− λ˜2r2
]
dx2− + 2r dx
+ dx− +
ℓ2dr2
4(r2 − T 2+T 2−)
(1 + λ˜2T 2+)
A =
λ˜ℓ√
1 + λ˜2T 2+
(rdx− + T 2+dx
+) , e4U = 1 + λ˜2T 2+ (2.14)
4Provided we use radial gauge in the Schro¨dinger spacetime. Explicit linearized calculations show that
the symplectic form is not conserved with respect to the radial coordinate of the auxiliary AdS3, but it is
conserved with respect to the Schro¨dinger radial coordinate.
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The parameters T± are related to the Hawking temperature and horizon velocity via
TH =
2
π
T+T−
T+ + T−
, ΩH =
T+ − T−
T+ + T−
(2.15)
In [32] it was shown that the energy and momentum per unit length of these black strings
are given by
E ± P = ℓ
4πG3
T 2± (2.16)
Moreover, asymptotic symmetry group analyses indicate the presence of either a left-
moving or a right-moving Virasoro symmetry with central charge
c =
3ℓ
2G3
(2.17)
These properties can be shown to hold with minor modifications also for the general four-
parameter family of warped black strings [32]. We will come back to these more general
solutions in section 4.4.
⋄ Objectives
We would like to extract from the metric (2.14) which operator sources and expectation
values have been turned on, and to reproduce E,P and c above from a holographic stress
tensor computation, as has been done in [44–46] for the case of AdS. The challenge is that
the black hole spacetimes are not diffeomorphic to the vacuum Schro¨dinger background, so
the T-mode analysis in [24] does not strictly apply. In this paper we propose a generalization
of [24] that reproduces the above quantities from a holographic computation.
3. Dipole CFTs at finite temperature
Any two-dimensional theory can be put at finite temperature5 by restricting the space
where it is defined to a Rindler wedge of Minkowski space. The Rindler coordinates x±
are related to the Minkowski coordinates w± via the coordinate transformation w± =
e2T±x
±
. In a two-dimensional conformal field theory, this is a conformal transformation
which induces a thermal expectation value for the stress tensor.
A natural way to extend the definition (2.6) of dipole CFTs to Rindler space is
S = SCFT + λ
∫
dx+dx−O(1,2)(x+, x−) (3.1)
which is the only (1, 2) deformation that is consistent with translation invariance in the
x± plane. We are assuming that λ is T+-independent. If we map the deformation back to
Minkowski space, we find
λ
∫
dx+dx−O(1,2)(x+, x−) → 2λT+
∫
dw+dw−w+O(1,2)(w+, w−) (3.2)
5We will be interested in the more general setup where we turn on both a temperature TH and a potential
conjugate to momentum ΩH , whose relationships to T± are given in (2.15). The parameters T± are related
to the usual left/right moving temperatures defined in e.g. [47] via T± = πTR/L.
– 6 –
where we used the fact that O(1,2) is a conformal primary. The deformation on the right
hand side still preserves SL(2,R)L×U(1)R isometry, but this time the U(1)R corresponds
to scaling transformations instead of translations. We will assume that the w+-dependent
deformation above is exactly marginal with respect to the left-moving conformal symmetry.
This assumption could be verified using conformal perturbation theory, as in [39].
The gravity dual of the deformation on the right-hand side of (3.2) is naturally con-
structed in terms of the w+-dependent SL(2,R)L × U(1)R-invariant one-form on AdS3,
σ0,
σ0 =
w+dw−
z2
+
dz
z
(3.3)
where the U(1)R represents right-moving scaling transformations. Because σ0 is not null,
the background dual to the deformation will no longer be exact to second order in per-
turbation theory, as was true of the Schro¨dinger spacetimes [40]. Nevertheless, we can
construct the solution order by order in perturbation theory6 in λT+
ds2σ0 =
1
1− 4λ2T 2+
(
ds2AdS3 −Aσ0 ⊗Aσ0
)
, Aσ0 = 2λT+ℓ σ0 (3.4)
The relationship between the parameter λ˜ introduced previously in (2.14) and the “true”
coupling constant λ of the dipole CFT is
λ˜ =
2λ√
1− 4λ2T 2+
(3.5)
Performing the coordinate transformation
w± =
√
r − T+T−
r + T+T−
e2T±x
±
, z =
√
2T+T−
r + T+T−
eT+x
++T−x− (3.6)
we get precisely the warped black string background (2.14). This is the same coordinate
transformation that takes Poincare´ AdS3 into BTZ [47]. Note that, asymptotically, w± ∼
e2T±x
±
, as expected.
To summarize, our assumption (3.1) implies that from the point of view of the theory
on the x± plane, the only operator source turned on is that of the defining operator. Each
of the x± observers sees a thermal bath of particles and a non-zero expectation value of
the stress tensor. Meanwhile, the Minkowski w± observer sees a non-trivial source for a
w+-dependent operator, whose coefficient depends on T+. Thus, different thermal states in
the dipole CFT, from the point of view of the Minkowski observer, correspond to different
SL(2,R)L-invariant irrelevant deformations of a CFT2 or, equivalently, to different exactly
6The identification of the coefficient of the boundary operator with the asymptotic value of the spacetime
field, to all orders in perturbation theory, is based on the dictionary proposed in [33,42,43]. Note that the
resulting gravity solution makes sense only if 2λT+ < 1. We are not sure whether this is a physical restriction
on the theory - namely, that the inverse temperature cannot be smaller than the non-locality scale λ - or
the assumption that λ is T+-independent is wrong, or the all-orders holographic dictionary that we used
is incorrect. In any case, as long as λ˜ = λf(λT+) with f(0) = 2, the precise form of this holographic map
does not affect the computations of section 4.
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marginal deformations of a dipole CFT. Finally, from the bulk point of view, each w+-
dependent irrelevant deformation corresponds to a different non-normalizable X-mode, with
different asymptotics. Any given black string background can be obtained by turning on a
T+-dependent non-normalizable (but nevertheless tractable) deformation of AdS3, followed
by the coordinate transformation (3.6), which corresponds to a non-linear T-mode.
4. Holography
In the following, we would like to compute the expectation value of the holographic stress
tensor in the warped black string backgrounds using holographic renormalization. Since
from the point of view of each of the x± observers, only the stress tensor is turned on, we
can compute its expectation value by simply coupling the theory to a background metric
and then varying the on-shell action with respect to it. According to Papadimitriou’s
prescription, studying exclusively the stress tensor sector corresponds to solely turning on
T-modes around a given black string spacetime.
Because backgrounds with different T+ are not diffeomorphic to each other, we will
not be able to change the state of the theory by just turning on T-modes. Thus, we will
be forced to work at fixed T+. Nevertheless, for every fixed T+, we will still be able to
couple the theory to an arbitrary metric (at least in the classical analysis) and compute
the expectation value of the stress tensor. We find that the holographic dictionary - and in
particular the designation of the holographic sources - depends on T+, and thus on the state
of the theory. This is a joint consequence of Papadimitriou’s prescription - which identifies
T-modes around any given background with the stress tensor sector - and the unusual
feature of Schro¨dinger spacetimes that different states correspond to different asymptotic
behaviors, as is clear from the temperature-dependence of the coefficient of the deforming
operator on the right-hand side of (3.2).
4.1 The finite-temperature FG expansion
For reasons of computational simplicity, as in [24], we restrict our study to T-modes only.
To construct general T-modes above the black string backgrounds, we first note that the
original black string metric (2.14) can be written as7
gµν = (1 + µ
2)(gˆµν −AµAν) , µ ≡ λ˜T+ (4.1)
where gˆµν is the BTZ metric, satisfying
Rˆµν +
2
ℓ2
gˆµν = 0 (4.2)
and the background vector field Aµ solves
Fµν =
2
ℓ
ǫˆµνλA
λ , Aˆ2 =
µ2
1 + µ2
(4.3)
7The coefficient of the AµAν term is fixed by the requirement that certain divergent terms cancel
between gµν and AµAν . The coefficient of gˆµν is fixed by demanding that the symplectic form not have
any temperature-dependent overall factors.
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Since both the definition (4.1) and the equations of motion for gˆ, A are covariant, it follows
that the above equations hold for any background that is diffeomorphic to the original one.
Thus, to find the most general T-mode solution around a given black string background one
simply needs to solve (4.2) for gˆ, then solve (4.3) for A and plug into (4.1). The constraint
Aˆ2 = const. guarantees (at least at linearized order) that only pure gauge modes are
solutions.
Writing the metric gˆ in radial gauge
dsˆ2 = dη2 + γˆijdx
idxj (4.4)
the general solution for γˆ is given by the Fefferman-Graham expansion [48]
γˆij = e
2η/ℓgˆ
(0)
ij + gˆ
(2)
ij +
1
4
e−2η/ℓgˆ
(2)
i
kgˆ
(2)
kj (4.5)
where all indices are raised and lowered using the boundary metric gˆ(0). The asymptotic
equations of motion imply that
∇ˆigˆ(2)ij = ∇ˆj gˆ(2)kk , gˆ(2)kk = −1
2
Rˆ[gˆ(0)] (4.6)
Note that if gˆ
(2)
ij has a generic dependence on x
i, then it is entirely determined by gˆ
(0)
ij ,
albeit in a very non-local fashion. If the solution considered is constant in xi, then the
trace of gˆ(2) needs to vanish, but the remaining components are independent of gˆ(0).
One may notice that (4.3) represent four equations for the field Aµ, which only has three
components. While the system seems overdetermined, a solution is always guaranteed to
exist, because all solutions can be induced by a diffeomorphism. Nevertheless, one cannot
solve for Aµ for an arbitrary background metric gˆµν , one needs to put the latter at least
partially on-shell. More precisely, one needs to use multiples of (4.6) in order to satisfy all
equations A obeys, but never needs to solve for the the non-local relationship between gˆ(0)
and gˆ(2). In particular, for the case of constant sources, the full solution for both gˆ and A
is parametrized by five independent constants. For non-constant sources, the leading term
in the Aµ expansion bears a rather non-local relation to the boundary data gˆ
(0).
Given the radial AdS3 metric (4.4), one finds that the corresponding warped AdS3
metric reads8
ds2 = N2dη2 + γij(dx
i +N idη)(dxj +N jdη) (4.8)
with
γij = (1 + µ
2)(γˆij −AiAj) , Ni = −(1 + µ2)AiAη , N2 = 1 + µ
2
1 + (1 + µ2)A2η
(4.9)
8For future reference, we also have
γ
ij =
1
1 + µ2
γˆ
ij +
AˆiAˆj
1 + (1 + µ2)A2η
, det γ = (1 + µ2)(1 + (1 + µ2)A2η) det γˆ (4.7)
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Unless Aη = 0, if the AdS3 metric is in radial gauge, then the warped AdS3 one will not
be, and vice-versa. Since in holographic renormalization it is natural to have the boundary
at fixed radial coordinate, we need to bring the warped AdS3 metric to radial gauge via a
coordinate transformation. At linearized level above the black hole background, it reads
xi → xi + ξi(η, xi) , ξi = (1 + µ2)
∫
dη AiAη (4.10)
In the explicit linearized solution, Aη is η-independent, as is the zeroth order A
i. Conse-
quently, one can integrate (4.10) to find
ξi = η N2AiAη (4.11)
One can then show that the radial symplectic form, when evaluated the general linearized
T-mode solution, equals the radial symplectic form of the auxiliary AdS3 spacetime
9. By
Papadimitriou’s prescription, we choose the holographic sources to be gˆ
(0)
ij .
4.2 Holographic renormalization
To perform holographic renormalization, we need to compute the on-shell action for the
general T-modes, regulate it and then remove the divergences. The on-shell action consists
of a bulk piece, which is given by (2.13) evaluated on the general T-mode solution
Sbulk = − 1
16πG3
∫
d3x
4
ℓ2(1 + µ2)
√
g = − 1
16πG3
∫
d3x
4
ℓ2
√
gˆ (4.12)
and a Gibbons-Hawking boundary term10
SGH =
1
8πG3
∫
d2xK
√
γ (4.13)
Let us ignore for a moment the final diffeomorphism needed to bring the warped AdS3
metric into radial gauge. In this case, (4.12) shows that the bulk on-shell action is identical
to that of the auxiliary AdS3 spacetime. One can also easily compute the extrinsic curvature
K from its definition
Kij = − 1
2N
(∂ηγij −DiNj −DjNi) (4.14)
whereDi is the covariant derivative associated to the metric γij. Plugging in the expressions
for N,Ni, we find
Kij =
(1 + µ2)
N
Kˆij − N
2
(1 + µ2)(DˆiAj + DˆjAi)Aη +
N
ℓ
(Aiǫˆj
k +Aj ǫˆi
k)Ak (4.15)
9To show this, one needs to use various multiples of the linearized asymptotic equations of motion (4.6).
The calculation is almost identical to that in section 2 of [24].
10Since ultimately we would like to keep the metric gˆ fixed at the boundary rather than g, it is not
clear whether the Gibbons-Hawking boundary term above is the one required by the modified variational
principle. We decided to add it, nevertheless, because we would like to view holographic renormalization
as a canonical transformation between the original variables (γij , π
ij) and the new ones (γˆij , πˆ
ij), and we
require the starting action to have a well-defined variational principle.
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Taking the trace, one can show that
K
√
γ = Kˆ
√
γˆ −N2Aˆi∂iAη
√
γˆ (4.16)
at full nonlinear level. Thus, barring the issues involving the final diffeomorphism, the
on-shell action for T-modes in a warped black string background is identical to that of the
auxiliary AdS3 spacetime used to construct the T-modes, up to the last term in (4.16). To
render the action finite, we simply need to subtract this term and include an additional
counterterm proportional to
∫ √
γˆ, as in AdS3. Because the equations of motion for A
- which we used extensively in manipulating the above expressions - do not impose any
non-local constraint between the asymptotic metric coefficients, the resulting renormalized
on-shell action will be the same functional of gˆ(0), gˆ(2) as the AdS3 one [48], and therefore
it will have the same variation.
To include the effect of the diffeomorphism that reinstates the radial gauge, we need to
work at infinitesimal level above a background that has Aη = 0. It is not hard to show that
the first order contribution of ξi to both the bulk and the boundary action vanishes. Higher
order contributions in ξi will generically be non-zero; nevertheless, since ξi is proportional
to η = −ℓ log z, the logarithm of the usual radial coordinate, the corrections to the on-shell
action due to these terms will be purely logarithmic in perturbation theory and can be
renormalized separately from the power law divergences.
It would be interesting to understand how the canonical momenta transform under the
change of generalized coordinates from (γ,A) to γˆ. For this, we need to study the variation
of the on-shell action. Since the computation becomes rather cumbersome in the general
case, in the following we will only study two simpler ones: the constant non-linear case and
that of a general linearized perturbation around a given black string background.
⋄ The constant case
In the constant (i.e. xi-independent) case, both g and gˆ are in radial gauge, since
Aη = − ℓ
4
ǫˆijFij = 0 ⇒ Ni = 0 , N =
√
1 + µ2 (4.17)
Therefore, we do not need to worry about the position of the radial cutoff surface. Setting
16πG3 = 1 for now, the variation of the on-shell action reads
δSon−shell = −
∫
d2x
√
γ
(
(Kij −Kγij)δγij + 2
ℓ
ǫijAiδAj
)
= (4.18)
= −
∫
d2x
√
γˆ
[
N3(Kij −Kγij)δγˆij + 2
(
1
ℓ
ǫˆij −N3(Kij −Kγij)
)
AiδAj
]
The terms proportional to δAi in the above variation are non-local in the boundary data
γˆ, and they need to cancel from the final answer, for consistency. Using the simplified
equations of motion for Ai
∂ηAi =
2
ℓ
ǫˆijAˆ
j , AiAˆ
i =
µ2
1 + µ2
(4.19)
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one can show that the extrinsic curvature satisfies the following relations11
KˆijAˆ
j = −1
ℓ
ǫˆijAˆ
j , Kij = N−3Kˆij , K = N−1Kˆ (4.20)
Using the above equations, we can show that
δS = −
∫
d2x
√
γˆ
[
(Kˆij − Kˆγˆij −N2KˆAˆiAˆj)δγˆij + 2N2KˆAˆjδAj
]
= −
∫
d2x
√
γˆ
[
(Kˆij − Kˆγˆij) δγˆij +N2Kˆ δ(AˆiAi)
]
(4.21)
The last term vanishes by virtue of the fact that Aˆ2 is a constant. Thus, the T-mode part
of the variation of the action is only proportional to δγˆij , and the terms non-local in δγˆij
have canceled away completely. In showing this, we only needed to use the equations of
motion for the quantities multiplying the variations and did not add any counterterms.
From the point of view of the canonical variables, we simply made the replacement
γij, Ai −→ γˆij = N−2γij +AiAj , Ai (4.22)
As a consequence, the canonical momenta changed to
πij → πij = N−2πˆij −
√
γˆ Kˆ
δC
δγˆij
, πiA → πiA − 2N2πijAj = −N2
√
γˆ Kˆ
δC
δAi
(4.23)
where C = AˆiAi − µ2/(1 + µ2) = 0 is the constraint that the canonical variables satisfy
and the canonical momenta can be read off from (4.18). Adding the vanishing quantity
N2Kˆ C √γˆ to the action, we find that the momentum conjugate to γˆij becomes πˆij , where
πˆij = −
√
γˆ (Kˆij − Kˆγˆij) (4.24)
while the canonical momentum multiplying δAi vanishes. It would be interesting to check
whether the above transformations correspond indeed to a canonical transformation in the
constrained theory. To obtain the final renormalized momentum, one needs to add, as in
AdS3, a boundary cosmological constant counterterm, which renders the on-shell action
finite. It also shifts πˆij → πˆij − ℓ−1γˆij√γˆ, thus making the map between the phase space
variables γˆij, πˆ
ij and the asymptotic constants gˆ
(0)
ij , gˆ
(2) ij asymptotically diagonal [23].
⋄ The non-constant case
We now consider linearized perturbations of the black string background (2.14). Since Aη
no longer vanishes, we need to take into account the effect of the diffeomorphism ξi given
by (4.11). After applying the diffeomorphism, the various quantities that enter the on-shell
action, now denoted with a tilde, read
π˜ij = πij − ∂kξiπkj − ∂kξjπik + ξk∂kπij , γ˜ij = γij +Diξj +Djξi (4.25)
11The first relation follows the fact that both KˆijAˆ
j and ǫˆijAˆ
j are normal to Ai and their norm is constant.
The norm can be computed using the equation of motion for Kˆij : ∂ηKˆ
ij = Rˆij− (2)Rˆij+KˆKˆij+2KˆikKˆkj .
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A˜i = Ai + ∂i(ξ
kAk) + ξ
kFki , A˜η = Aη (4.26)
Note that the last term in π˜ij and A˜i is second order in derivatives and can be dropped.
The variation of the on-shell action is
δS = −
∫
d2x
√
γ
(
(K˜ij − K˜γ˜ij)δγ˜ij + 2
ℓ
ǫ˜ijA˜iδA˜j
)
= δ0S + δ1S + δ2S (4.27)
where δ0S represents the action variation before including the diffeomorphism, δ1S is linear
in ξi, while δ2S is quadratic. Of them, only
δ0S = −
∫
d2x
√
γ
(
(Kij −Kγij)δγij + 2
ℓ
ǫijAiδAj
)
(4.28)
contributes to the finite piece of the action. The remaining contributions only have loga-
rithmic divergences and can be renormalized separately12. Noting that, at linearized level
KˆijAˆ
j + ∂iAη = −1
ℓ
ǫˆijAˆ
j (4.29)
we can show that the expression for the on-shell action can be simplified to
δ0S = −
∫
d2x
√
γˆ
[
(Kˆij − Kˆγˆij)δγˆij +N2Kˆδ(AˆiAi) + 2N2DˆkAˆkδAη
]
−
−2N2
∫
d2x δ(Aˆk∂kAη
√
γˆ) (4.30)
Since Aµ is divergence-free, we have
DˆkAˆ
k = KˆAη − ∂ηAη (4.31)
Plugging in, we find
δ0S = −
∫
d2x
√
γˆ
[
(Kˆij − Kˆγˆij)δγˆij +N2Kˆδ(Aˆ2)− 2N2∂ηAηδAη
]
−
−2N2
∫
d2x δ(Aˆk∂kAη
√
γˆ) (4.32)
The first term is identical to the variation of the on-shell action in AdS3, the second is zero
upon imposing the constraint, the third vanishes identically in perturbation theory because
∂ηAη = 0, and the forth agrees precisely with the linearization of (4.16). To render the
action finite, we need to add the counterterms
Sct = 2N
2
∫
d2x Aˆk∂kAη
√
γˆ − 2
ℓ
∫
d2x
√
γˆ (4.33)
It would be interesting to understand whether the addition of the above counterterms
induces a canonical transformation in the constrained theory that describes the T-modes.
12Using extensively the fact that we have a linearized solution around an xi-independent background, it
is possible to show that δ2S = 2η
2µ2N2
∫
d2x
√
γ πik∂iAηδ∂kAη and thus can be canceled by a counterterm
proportional to (log z)2 that is linear in the extrinsic curvature. We could not easily bring δ1S to any nice
form, but it is very possible that counterterms linear the holographic momenta will also be necessary.
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4.3 The holographic stress tensor
Since the renormalized on-shell action in the warped black string backgrounds equals the
one in the auxiliary AdS3 and the boundary data are the same, it follows that the holo-
graphic stress tensor is the same as the AdS3 one
〈Tij〉 = − 2√
gˆ(0)
δSren[gˆ
(0)]
δgˆ(0) ij
=
ℓ
8πG3
(gˆ
(2)
ij − gˆ(0)ij gˆ(2)kk) (4.34)
Using the asymptotic relations (4.6) between gˆ(2) and gˆ(0), we find the holographic Ward
identities
∇ˆiTˆ ij = 0 , Tˆ ii =
ℓ
16πG3
Rˆ[gˆ(0)] (4.35)
The fact that the stress tensor is both symmetric and conserved is indicative of an underly-
ing relativistic structure of this sector of the theory, which is consistent with the existence
of both left-moving and right-moving Virasoro extensions of the asymptotic symmetry
group [31,32]. The conformal anomaly read off from the above equation
c =
3ℓ
2G3
(4.36)
agrees with the result (2.17) obtained using asymptotic symmetry group analyses. We can
also compute the expectation value of the holographic stress tensor on the black string
backgrounds
〈T++〉 = ℓ
8πG3
T 2+ , 〈T−−〉 =
ℓ
8πG3
T 2− (4.37)
The energy and momentum of the string are given by
Qξ =
∫
dx nˆi 〈Tij〉 ξj
√
σˆ , ξi = ∂τ , ∂x (4.38)
where the coordinates x, τ are defined via
x± = x± τ (4.39)
nˆi is the unit normal to the surface of constant τ at the boundary (using the metric γˆ) and
σˆ is the induced metric on this surface. It is not hard to show that Qτ and Qx per unit
x-length equal precisely the energy and momentum per unit length of the string (2.16),
which were computed in [32] using covariant methods.
It is quite remarkable that a simple, linear expression such as (4.38) can capture the
conserved charges, which in the covariant formalism receive non-linear contributions that
are strongly background-dependent. Note that the conserved charges (4.38) effectively
“live” in the auxiliary AdS3 spacetime used for the construction of the T-modes, whose
definition depends on the value of T+. It is plausible that by formulating the problem in
terms of the auxiliary AdS3 spacetime, the non-linear charges in warped AdS3 that one
always encounters in the covariant formalism are traded for a set of linear charges13, but
with a state-dependent dictionary (4.1).
13We thank Tom Hartman for making this point.
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4.4 General warped black strings
It is not hard to extend these results to the general four-parameter family of warped
black strings in type IIB supergravity with RR three-form flux found in [32]. These six-
dimensional black string solutions depend as before on two parameters T± related to their
Hawking temperature and horizon velocity via (2.15). In addition, they have two warping
parameters λ1,2, which correspond to two distinct massive vector fields in spacetime, and
consequently two different (1, 2) operators that define the boundary theory.
The solutions have a somewhat complicated dependence on the two parameters λ1,2,
so we will not reproduce them here14. Nevertheless, the energy and momentum per unit
length of any given black string take the following simple form [32]
E ± P = πℓˆ
4
2G6
T 2± (4.40)
where ℓˆ4 equals the product of the electric and magnetic charges of the string. The asymp-
totic symmetry group computations of [32] yield a Virasoro algebra with central charge
c =
3π2ℓˆ4
G6
(4.41)
We would like to reproduce these values from a holographic stress tensor computation.
The six-dimensional black string solutions of [32] cannot in general be captured by a
three-dimensional consistent truncation of type IIB string theory; nevertheless, if we only
consider T-modes about a given black string background with temperature T+, then such
a truncation is possible. Upon the dimensional reduction, the three-dimensional Einstein
metric can be written as
ds23 = (1 + µ
2) ds2BTZ − µ2ℓˆ2σ20 , µ = λ˜T+ (4.42)
where the BTZ radius is ℓˆ and the relationship between the six- and three-dimensional
Newton constants is G6 = 2π
2ℓˆ3G3. The quantity λ˜ is defined in [32] and depends on
λ1, λ2 and T+ in a rather complicated manner. The two massive vector fields that support
the solution are both proportional to an auxiliary massive vector field satisfying (4.3) and
given by
Aµ =
µℓˆ√
1 + µ2
σ0 (4.43)
The SL(2,R)L×U(1)R-invariant one-form σ0 needs to be written in black hole coordinates,
using (3.6). The reason that ℓˆ, rather than any other length scale, is singled out is because
the on-shell six-dimensional action is proportional to ℓˆ4 and thus it is the natural length
parameter to keep fixed in the reduction.
14They can be found in the equations (2.19) - (2.24) in [32], whose notation we are using. The length ℓˆ
is defined in (3.23) of the same reference.
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We now define the T-modes as before in (4.1) - (4.3), with the only change that we
replace ℓ by ℓˆ. Using the explicit solutions of [32], we can show that the on-shell bulk
action, when evaluated on any T-mode solution, equals
Sbulk = − 1
16πG3
∫
d3x
√
gˆ
4
ℓˆ2
(4.44)
The boundary action is the usual Gibbons-Hawking term and holographic renormalization
on the truncated T-mode sector works identically as before. Thus, we obtain again a
stress tensor of the form (4.34) that satisfies the holographic Ward identities (4.35), with
conformal anomaly
c =
3ℓˆ
2G3
=
3π2ℓˆ4
G6
(4.45)
and holographic expectation values
〈T++〉 = ℓˆ
8πG3
T 2+ =
1
2
(E + P ) , 〈T−−〉 = ℓˆ
8πG3
T 2− =
1
2
(E − P ) (4.46)
again in perfect agreement with the covariant charge computations of [32].
5. Discussion
The goal of this article was to find the holographic interpretation of the general warped
black strings described in [32], i.e. to spell out which operator sources and expectation
values are turned on in these backgrounds. The holographic dictionary we have proposed
is based upon Papadimitriou’s prescription [23] and a certain reasonable assumption (3.1)
about the behaviour of finite-temperature dipole CFTs. Our holographic computation of
the conserved charges and anomalies agrees with previous results obtained using covariant
methods [32].
The warped AdS3 holographic dictionary we have proposed has a number of curious
features, such as the state-dependent identification of the holographic sources. It would
be interesting to better understand this trait. Also, we need to better study the structure
of the counterterms necessary for holographic renormalization. For example, in AdS the
counterterms need to be constructed from the induced fields at the boundary and their
derivatives [7]. For spacetimes corresponding to irrelevant deformations of AdS, [33,42,43]
argued that the counterterms can also include the conjugate momenta (i.e. the extrinsic
curvature), but only at quadratic order or higher. It would be interesting to understand
the general rules for constructing counterterms in warped AdS3, renormalized according to
the prescription of [23].
Another interesting exercise would be to check whether holographic renormalization
in warped AdS3 - with holographic sources chosen a` la Papadimitriou - corresponds indeed
to a canonical transformation, thus following the pattern described in [23]. Should this be
the case, it would be a non-trivial check that the prescription is self-consistent even in a
case where its predictions are different from those obtained using other methods [11, 33].
For better understanding this issue, it may be useful to also include the X-modes in the
analysis, which can be easily done, at least at linearized level.
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Although we have been able to find agreement between the energy and momentum
density of the black strings computed using the holographic versus the covariant method,
the relationship between the two formalisms is far from clear. For example, the holographic
method uses the auxiliary AdS3 metric γˆ instead of the induced metric, γ, at the boundary,
thus completely obscuring the conservation of the charges from the point of view of warped
AdS3. On the other hand, the holographic method yields charges that are linear in the
stress tensor and take a very simple form in the auxiliary AdS3 spacetime, to be compared
with the very non-linear expressions for the charges in the covariant formalism. It would
thus be very interesting to understand the precise relationship between the two formalisms
and use it to understand e.g. the Kerr/CFT correspondence - where the covariant methods
of [41] have been particularly successful - from a holographic point of view.
Finally, one should ascertain whether Papadimitriou’s prescription, which has led to
the above rather interesting and intriguing results, is also the correct one. This question
can only be answered by understanding the relationship between the spacetime fields and
the field theory gauge-invariant operators. The latter may be possible to construct using
the prescription of [49] for non-commutative field theories, and the couplings to the space-
time metric may be found using the methods of [37,38]. Should the answer be affirmative,
it would have implications not only for warped AdS3 holography and the Kerr/CFT cor-
respondence, but it would also give us confidence that Papadimitriou’s prescription is the
correct general one.
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